Abstract: The spatial behavior of solutions for the dynamic problem of elasticity with voids is well known. It has been analyzed making use of the usual techniques for hyperbolic differential equations. Here we consider a related but different problem, the problem determined by the dynamic deformations of porouselasticity with porous dissipation when the motion of the microvoids is supposed to be quasi-static. We think that this kind of dynamical problem deserves some consideration. However, little attention has been paid to them in the literature. On the one hand, the problem has interest from a mechanical point of view, because this is the system that one must study when the microvoids deformations are small enough as to assume that their acceleration is nearly zero. On the other hand, the problem has also interest from its mathematical structure, because the coupling of a parabolic equation with an hyperbolic one arises in the system.
Introduction
The theory of porous elastic material was established by Cowin and Nunziato [5, 18] . In this theory the bulk density is the product of two scalar fields, the matrix material density and the volume fraction. It is discussed in the book of Ciarletta and Iesan [4] as a particular case of nonclassical elastic solids. New results on linear and nonlinear problems have been obtained recently [12, 19] . However, little attention has been devoted to the case arising when the porous dissipation is also present in the system. Without trying to be exhaustive, let us state several contributions (since 2003) concerning time stability [2, 13, 14, 15, 19] .
A lot of attention has been directed to the study of the damping of end effects in several thermomechanical situations and to the general study of the spatial behavior of solutions of partial differential equations and systems. The history and development of this question was expounded in the work of Horgan and Knowles [10] and has been periodically updated, up to 1996, by Horgan [8, 9] . Several papers has been devoted to the study of the spatial behavior of the solutions of the dynamical problem of the porous elasticity. We may recall the works of Iesan and Quintanilla [12] , Bofill and Quintanilla [1] and, recently, the contribution of Ciarletta et al. [3] . All these contributions focus the hyperbolic problem and, in consequence, the kind of analysis carried out is similar to that used for other hyperbolic problems [6, 11, 20, 24] In this short paper we analyze the spatial behavior of the solutions of the dynamical problem of a porous-elastic solid with porous dissipation when the microvoid motion is quasi-static. We want to point out that this equation was proposed by Mosconi [17] , and the only other reference concerning this system, as far as we know, is [16] . It is worth noting that in this case we have a system of an hyperbolic equation with a parabolic equation. This coupling is rather different from the one that appears in classical thermoelasticity. Thus, the problem that we study here has interest from, at least, two points of view. From mechanics, because we analyze a problem which describes a physical situation, and from mathematics, because this system of equations has not been analyzed before. Of course, the method of analysis that we apply differs from the one used in [6, 11, 20, 24] . We implement some arguments that have been used to treat the usual thermoelasticity [23, 22] , but we will need to weight the usual measures with a suitable exponential function of the time.
The plan for this note is the following. In Section 2 we propose the problem we are going to work with. Section 3 is devoted to a Phragmen-Lindelöf type estimate for the solutions. Finally, the spatial decay is improved in Section 4 for large values of the distance with respect the finite end of the solid.
Preliminaries
Let R be the semi-infinite cylinder (0, ∞) × S, where S is a two dimensional bounded domain such that the boundary ∂S is smooth enough to apply the divergence theorem. Let S(z) be the cross section of the points in R such that x 1 = z, and let R(z) be the points of the cylinder such that x 1 > z. The equations we study here are determined on R.
In a porous-elastic solid the motion is described by the displacement (u i ) and the volume fraction ν. The governing equations of the isotropic and homogeneous linear porous elastic solid are the evolution equations (2.1)
and the constitutive equations
As usual, ρ and J are positive constants whose physical meaning is well known. λ, µ, α, b, ξ and τ are the constitutive constants, δ ij is the Kronecker delta and
We also recall that T ji is the stress tensor, H i is the equilibrated stress and G is the equilibrated body force.
The internal energy density associated with the fields u i , ν is defined by (2.4) W = λe rr e ss + 2µe ij e ij + 2be rr ν + ξν 2 + αν ,i ν ,i , which is positive definite whenever (see [5] )
If we introduce the constitutive equations into the evolution equation, we obtain (2.6)
In this note we consider the problem that arises when the microvoids motion is small enough as to suppose that the acceleration is very near to zero and, therefore, it can be neglected. Taking into account this consideration, the system reduces to (2.7)
We adjoin null initial conditions to the field equations
The lateral sides of the cylinder are constrained to have zero displacement. Therefore, we have (2.9)
To have a well determined problem we impose boundary conditions on the finite end of the cylinder. Thus, we take as assumptions (2.10)
The analysis carried out in this note works whenever the internal energy is positive. That is, whenever conditions (2.5) hold. But, in fact, the analysis also works in the more general case (see [3] )
Phragmen-Lindelöf alternative
In this section we obtain a Phragmen-Lindelöf alternative for the solutions of the problem defined by the system (2.7), the initial conditions (2.8) and the boundary conditions (2.9) and (2.10).
Let us consider the function
where γ is an arbitrary but strictly positive constant.
Applying the divergence theorem we have (3.2)
for every z ≥ z 0 .
In case F γ (z, t) → 0 when z → ∞, from (3.2) we have
We also note that
for every z ≥ 0.
The next step is to estimate the absolute value of F γ in terms of its spatial derivative in order to get a differential inequality. An easy but tedious calculation allows us to obtain (see the calculations in [3] )
From (3.6), we obtain an alternative of Phragmen-Lindelöf type which states (see [7] ) that either the measure of the solutions F γ grows exponentially for z sufficiently large or the solutions decay exponentially in the form
for all z ≥ 0, where
In view of the above reasoning, we have proved the following result.
Theorem 3.1. Let (u i , ν) be a solution of the initial-boundary-value problem (2.7)-(2.10). Then either the solution grows exponentially or the estimate (3.9) is satisfied, where E γ is defined in (3.10).
A faster spatial decay
In this section we improve the spatial estimate obtained in (3.9) for the solutions that decay. This means that we will only work with solutions that satisfy inequality (3.9).
We define the function
In view of the estimate (3.9), we know that
for every finite time.
If we use the divergence theorem, the evolution equations, the boundary conditions, the asymptotic condition and the initial conditions, we have:
Here, we denote
We note that we can select γ large enough to guarantee that
where C * is a strictly positive constant. In fact, we can take
where 1 and 2 are two positive numbers selected in such a way that make the above constants all positive.
The function
We also have that
It is worth remarking that (4.10)
Thus, we have
Our next step is to estimate the time derivative of E in terms of the two first spatial derivatives of E. An easy calculation shows that exp(−γt) ((µu i,1 + (λ + µ)u 1,1 δ i1 + bνδ i1 )u i ) dv ≤ C 1 E * (z, t) = −C 1 ∂E ∂z ,
where C 1 can be easily computed in terms of the constitutive constants and parameters and the constant C * considered in (4.5).
We also have that It is clear that the right hand member of (4.22) is bounded by the product of a positive exponential of linear type and a negative exponential of quadratic type. Thus, for z large enough, we see that the spatial behavior remains that of the parabolic equations. An upper bound for the amplitude term A(t) can be obtained as in other similar problems (see [21] ).
